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Euler's formula

e =cosv +isinv (i? =
- C ‘ i
=y -
) : rs 5 atque fim v ==

) i e g f
Gy — T
Ty —1 )
precedente vidimus effe (  + '—:- )' =¢*, denotante ebafin
Logarithmorum hyperbolicorum : fcripto ergo pro & partim
4oy — 1 partim — vy — I erit cfffv =i
‘-l-u\/-—l + ‘——v\/—l ¢+v/—x '___.e—'v\/—l
. - 2 &/;J’.‘D:: YV 3
Ex quibus intelligitur quomodo- quantitates exponentiales imia-
ginariz ad Sinus & Cofinus: Arcuum realium reducantur. ~ Erit
vero e 7YY ™ —ifv kY — 1 fimv & Wl =
cof v — vV —1.fin .
_139. Sit jam in jifdem formulis §.130. # numerus infinite

parvss, feu ».= — , exiftente ; numero infinite magno, eric

Introductio in Analysin Infinitorum (1748), p. 104

In C_gpfte‘ awem

4

Leonhard Eul
(1707-1783)

er



Cotes—Euler formula
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Cotes—Euler formula: a proof

For any real number x,
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Assume this holds for complex exponents too. Then
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Elementary definition of exponentiation
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Reason for defining a° and a=" as we do
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Reason for defining a° and a=" as we do
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i.e., we assume a"t1 = a" . a is also valid for negative exponents.



Functional def'n of exponentiation (integer exponents)

Theorem
For every positive number a,

there is exactly one function f: Z — R
such that

» (1) = a, and
» f(m+ n) = f(m)f(n) for all m,n € Z.

We write f(n) = a".



Functional def'n of exponentiation (rational exponents)

Theorem
For every positive number a,

there is exactly one function f: Q — R
such that

» (1) = a, and
» f(p+q)=f(p)f(q) forall p,q € Q.

We write f(q) = a9.



Functional def'n of exponentiation (real exponents)

Theorem
For every positive number a,

there is exactly one function f: R — R
such that

» (1) = a, and
» f(u+v)=f(u)f(v) for all u,v € R.

We write f(v) = a¥.

FA LSE (assuming the axiom of choice)



Functional def'n of exponentiation (real exponents)

Theorem
For every positive number a,

there is exactly one function f: R — R
such that

» f(1) = a, and
» f(u+v)=Ff(u)f(v) forall u,v € R, and
» f is continuous.

We write f(v) = a¥.
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Cotes—Euler formula: a proof

For any real number x,
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Cotes—Euler formula without calculus: part 0
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Cotes—Euler formula without calculus: part 1

Let e = C(v) + iS(v); want to show C = cos, S = sin.

ei(u+v) — elutiv _ giuglv
Clu+v)+iS(u+v) = (C(u) + iS(1))(C(v) + iS(v))

= (C(u)C(v) = S(u)S(v))
+i(S(u)C(v) + C(u)S(v))

Cu+v)=C(u)C(v) — S(u)S(v)
S(u+v)=S)C(v)+ C(u)S(v)



Cotes—Euler formula without calculus: part 2

Theorem
If C,5: R — R satisfy

» C(u+v) = C(u)C(v) — S(u)S(v) for all u,v € R, and
S(u+v)=S)C(v)+ C(u)S(v) for all u,v € R, and
» C and S are not both identically zero, and

v

» C and S are continuous,
then there exist b, A\ € R, b > 0, such that

C(v) = b" cos(Av) and  S(v) = b"sin(Av) .



Characterization of sine and cosine: proof outline

1. Isolate the exponential part.
(Let f(v) = \/C(v)? + S(v)?; show f(u+ v) = f(u)f(v).
Replace C, S with C/f,S/f.)

2. Prove identities, esp. C(2v) = 2C(v)? — 1.

3. Prove that C has a root (or is constant).
(f0< C(v) <1then1l— C(2v)>2(1— C(v));
so if C(v) # 1 then some C(2"v) < 0.)

4. Let A= %, where p is the smallest positive root of C;
successively extend C(v) = cos(Av)

from v=p
to v of form p/2"
to v of form mp/2"

to veR



Functional def'n of exponentiation (real exponents)

Theorem
For every positive number a,

there is exactly one function f: R — R
such that

» f(1) = a, and
» f(u+v)=Ff(u)f(v) forall u,v € R, and
» f is continuous.

We write f(v) = a¥.
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Cotes—Euler formula without calculus: part 1
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Cotes—Euler formula without calculus: part 2

Theorem
If C,5: R — R satisfy

» C(u+v) = C(u)C(v) — S(u)S(v) for all u,v € R, and
S(u+v)=S)C(v)+ C(u)S(v) for all u,v € R, and
» C and S are not both identically zero, and
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» C and S are continuous,
then there exist b, A\ € R, b > 0, such that

C(v) = b" cos(Av) and  S(v) = b"sin(Av) .



(Almost) Cotes-Euler formula without calculus

e = b¥(cos(Av) + isin(Av))
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(Almost) Cotes-Euler formula without calculus

e = b¥(cos(Av) + isin(Av))

INSERT PICTURES HERE

> Getting b= 1:
» further assume e = €Z
> Getting A = 1:

» further assume (ab)? = a*b”
» ...and normalize a logarithm



